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FROM NORMED IDEALS 
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Abstract. Generalizing Pisier's idea, we introduce a Hilbcrtian matrix 
cross normed space associated with a pair of symmetric normed ideals. 
When the two ideals coincide, we show that our construction gives an 
operator space if and only if the ideal is the Schatten class. In general, 
a pair of symmetric normed ideals that are not necessarily the Schat- 
ten class may give rise to an operator space. We study the space of 
completely bounded mappings between the matrix cross normed spaces 
obtained in this way and show that the multiplicator norm naturally 
appears as the completely bounded norm. 



1. Introduction 

An operator space is a subspace of the set of bounded operators on a 
Hilbert space, which is abstractly characterized as a Banach space equipped 
with matrix norms satisfying certain properties. An operator space whose 
base space is a Hilbert space is said to be a Hilbertian operator space. The 
theory of homogeneous Hilbertian operator space is one of the central topics in 
operator space theory and it plays an essential role in various situations. For 
example, it is used to analyze the structures of the space of operator spaces 
with the metric which is analogous to the Banach-Mazur distance (cf. [18]) 
and to obtain an embedding of operator spaces into noncommutative L p - 
spaces (cf. [11] and [16]). 

The relationships between homogeneous Hilbertian operator spaces and 
operator ideals are first studied by Mathes and Paulsen. Mathes and Paulsen 
considered in [14] a larger category, called matricially normed spaces (m.c.n. 
spaces), than that of operator spaces. They showed that if H\ and H2 are 
homogeneous Hilbertian m.c.n. spaces with the common base space H, then 
the space of completely bounded mappings GB{H\, H2) becomes a symmetric 
normed ideal (s.n. ideal) [14, 1.2. Proposition] and showed that every s.n. ideal 
on B{H) which is not equivalent to the ideal of compact operators or the 
ideal of trace class operators is isomorphic as a set to the space of completely 
bounded mappings on some homogeneous Hilbertian m.c.n. spaces [14, 2.2. 
Theorem! . 
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G. Pisier showed that the norm of the elements in the interpolating spaces 
between the row Hilbert space and the column Hilbert space is represented 
by the operator norm on the Schatten ideals [18, Theorem 8.4]. Inspired by 
this analysis, in our paper we introduce a Hilbertian m.c.n. space H ($, for 
a pair of symmetric norming functions (s.n. functions) with <f> > ^ and 
investigate the structure of the space. The matrix norm of is defined 

by 

liril LJ'^^^V 72 
U = sup - 



IFII* 

where T = ^(giTi € H®M n and (£,) is an orthonormal basis of a separable 
Hilbert space H. We also focus on the space of completely bounded mappings 
between two spaces arising in this way. The m.c.n. space H ($, is not always 
an operator space. In section 3 we show that if the m.c.n. space H (<E>, ^) is 
an operator space, then for all x,y,z <E 6$ the following inequality 

2/lk ||f_g> 
||x||« - \\z\\* 

is satisfied, where S$ is the s.n. ideal arising from $. In particular, when 
$ = ^ we show that the m.c.n. space H (<f>) = H(&, $) is an operator space 
if and only if <I> is the Schatten norm. However, the situation differs for 
<I> 7^ Indeed, when $ is a Q*-norm and <J/ is a Q-norm, H(&, ty) is always 
an operator space. 

We also study the space of completely bounded mappings between m.c.n. 
spaces we constructed. We determine the completely bounded norm from the 
row Hilbert space R to -ff (<&, as 



\\X\\CB(R,H(<S>,9)) = 




i9 II \ V2 

A ® y L \ 



12/11* 



This implies that if \&) is an operator space, then we have the isometric 
isomorphisms CB(R,H(<S>,V)) = 6 4 and CB(C,H(<S>,V)) = S $ -» for the 
column Hilbert space C (see section 3 for the definition of $). 
The above result leads us to consider the condition: 

3c > 0, Hz® yWy < c\\x\\^\\y\\ 9 , Va;,y € 6*. 

This condition implies that there exists a constant 

log Tl 

p = lim (P„ is any rank n projection) 

n^oo log H^nll* 

such that \\x\\ p < c||x||$, where \\x\\ p is the Schatten p-norm. This together 
with a dual version implies the above mentioned fact that H ($) is an operator 
space only if $ is the Schatten norm. 
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2. Preliminaries 



In this section we collect the basics of the theory of operator spaces and 
operator ideals, which are often used in the paper. We refer to [9] and [17] 
for the theory of operator spaces and to [10] for the theory of operator ideals. 

An operator space is abstractly characterized as follows. We consider a 
Banach space E such that for each n £ N there is a norm |j • ||„ on the matrix 
space M n (E) of n x n matrices with entries in the elements of E and the 
family {M n (E), || • ||„} with || • ||i equal to the original norm of E. Then we 
can consider the two properties 



and to, n G N, and 

(M2) ||aa:&|| n < ||a||||a;|| m ||h|| for any x G M m (E), a e M nxm , b e M mx „, 
and to, n G N, where M mxn — M mx „(C) and axb means the matrix 
product. 
(Ml) may be replaced with 



and to, n e N. 

For a Hilbert space H an operator space E C B(H) is a Banach space sat- 
isfying the properties (Ml) and (M2) under the identification of M n (E) as a 
subspace of M n {B(H)) = B{H n ). Conversely, Ruan [15, Theorem 3.1] showed 
that a Banach space having the matrix norm structure with the properties 
(Ml) and (M2) has an isometric embedding into the space B(H) for some 
Hilbert space H such that the matrix norms come from M n (B(H)) = B{H n ). 
The properties (Ml) and (M2) are called Ruan's axioms. In the operator 
space category, the morphisms are the completely bounded (c.b.) mappings. 
Let E, F be operator spaces and u be a linear mapping from E to F. We say 
that u is completely bounded if 



where M n (E) is identified with the algebraic tensor product M n ® E. The 
completely bounded norm of u is defined by ||u|| c ;,. An operator space E is 
said to be homogeneous if for any bounded linear mapping u on E we have 
||u|| = ||w||c6- We denote the Banach space of completely bounded mappings 
from E to F with norm || • || c6 by CB(E,F). 

The category of matrix cross normed spaces is larger than that of operator 
spaces. Let H be a separable Hilbert space with a sequence of matrix norms 
{II ' llnj^i on the family {M n (H)}^ =1 such that || • ||i coincides with the norm 
of H . We call H a matrix cross normed space (m.c.n. space) if 





u\\ cb = sup \\id n ® u: M n (E) -> M n (F)|| < oo, 



n 



\\x®A\\ 



MWMm, 



4 



TAKAHIRO OHTA 



for all x e H, Ae M n , and n e N. 

For a finite-dimensional or separable infinite-dimensional Hilbcrt space K 
with dimension n, identifying with the matrix space M„ we denote the 

matrix whose (i, j)-entry is 1 and the other entries are by e^ . 

Next we introduce the basic theory of the operator ideals (cf. [10, Chapter 
III]). Let Co, c, and k be the spaces of sequences of real numbers defined by 
c o = U = {&} : hm^oo & = 0} , 

c = {£ = {&} e Co : only finitely many £j's are nonzero}, 

* = h = {&} e c : a > 6 > • • > • • • > 0}, 
respectively. A real valued function $ on c is called a symmetric norming 
(s.n.) function if it satisfies the followings: 

(1) <f> is a norm on c; 

(2) $(1,0,0,...) = 1; 

(3) $(&,&,...,£„, 0,0,...) = $(|^|,|^ 2 |,...,IO„|,0,0,...) for all £ e 
c, where {ji, J2, • ■ • is any permutation of {1, 2, . . . , n}. 

For an s.n. function we set 

c $ = {£ = {&}ec : sup <&(£(")) <oo}, 

n 

where = (£i, . . . , £«, 0, 0, . . .). We extend the domain of $ by 

$(0 = lim $(£ (n) ), £ e c*. 

n — »oo 

For 1 < p < oo, we denote by <& p the £ p -norm. 

Throughout the paper, H denotes a separable infinite-dimensional Hilbcrt 
space with an orthonormal basis and ©oo denotes the subspace of 

B{H) consisting of all compact operators on H. For a; € 6 M we denote 
by {sj(x)}jL 1 the singular numbers (s-numbers) of x, i.e. the nonincreasing 
rearrangement of eigenvalues of \x\. 

Let S be a two-sided ideal of B(H). A functional || • || s on & is said to be 
a symmetric norm if it satisfies the followings: 

(1) || • || s is a norm on &; 

(2) for any rank one operator x, \\x\\ s = \\x\\: 

(3) ||aa*||,<||a||||z|| 8 ||&|| (Va, b e B(H), Vx e 6). 

We call (6, || • || s ) a symmetrically normed ideal if || • || s is a symmetric norm 
on & and makes 6 a Banach space. 

For an s.n. function $, we denote by S$ the set of operators x € Soo with 
s(x) = {sj(x)} e c$, and put 

= $(s(a;)). 

Then 6$ is an s.n. ideal with the norm || • ||$. In this paper we often use the 
property 

xx* € (3$ x*x e 6$ and ||xa;*|j$ = ||a;*a;||$. 
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Let $ be an s.n. function. The function 



ltd 



makes sense for any 77 € c and is an s.n. function. We call $* the adjoint 
of <E>. Note that for any s.n. function <!>, we have ($*)* = <& and the following 
duality 

11x11$= sup |Tr(yx)|. 

IMU*<i 

We introduce a few classes of normed ideals used in this paper. We denote 
by & p — 6$ p the Schatten ideal for 1 < p < 00. For 1 < q < p < 00, the 
Lorentz ideal S P:q is an s.n. ideal whose norm is given by 



\\r>.a — 



Let 1 = iv 1 > 7T2 > • • • > be a sequence of nonincreasing positive numbers 
such that lim„^oo n n = and X)^Li n n = 00 • We say that such a sequence is 
binormalizing. The s.n. function is defined by 




*7r(a) = ^TVnK; 



n=l 



where (a* ) is the nonincreasing rearrangement of (a n ). Note that if q = 1, then 
the Lorentz ideal S Pj i is equal to the ideal 6$ x defined by the binormalizing 
sequence tvj — j 1 ^ -1 . 

Finally we introduce an important class of operator spaces. If Eq,Ei are 
compatible Banach spaces, then we denote by (Eq,E\)q for < 9 < 1 the 
complex interpolation space of them (see [5, Chapter 4]). If E ,Ei are opera- 
tor spaces whose base spaces are compatible, we construct an operator space 
complex interpolation by identifying M n ((E , E\)e) with (M n (E ), M n (Ei))g 
for each n € N. We denote by R and C the row and column operator space re- 
spectively [9, Section 3.4]. These spaces are homogeneous Hilbertian operator 
spaces whose matrix norms are given by 

1/2 



n 
i=l 


R 


n 

i=i 


1/2 

5 


n 
i=l 


C 


n 

i=i 



for a finite sequence of matrices {Ti}™ =1 . Note that R* — C and C* = R in 
the operator space category. We denote by R{9) the operator space complex 
interpolation (R,C)g for < 9 < 1, which is a homogeneous Hilbertian op- 
erator space. We set R(0) to be the row Hilbert space R and R(l) to be the 
column Hilbert space C. When 9 = 1/2, we write OH = R{l/2). Pisier [18, 
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Theorem 1.1] introduced these spaces and showed that for any finite sequence 
{Ti} it holds that 

1/2 



E& 



OH 



E r < 



where Tj means the complex conjugate of Tj. Another important property of 
OH is the self-duality. For an operator space E, the operator space E means 
its complex conjugate. The matrix norms of the elements of E are defined by 

\\(%ij)\\M n (E) = \\( x ij)\\M n (E)- 

Pisier showed in [18, Theorem 1.1] the completely isometric identification 



OH = OH*. 

Another important example of a homogeneous Hilbcrtian operator space is 
the minimal operator space -ff m i n - Let E be a Banach space. We can embed 
E into a commutative C*-algebra (for example the space of all continuous 
functions on the unit ball of E* equipped with the weak topology). We denote 
by min(_E) the operator space whose matrix norms arise form this embedding. 
The minimal operator space norm is the minimal norm among all operator 
space norms. When E is a Hilbert space H, we denote the minimal operator 
space by H m [ n . The matrix norm on H m [ n satisfies 



sup 



i=l 



where the supremum is taken over all unit vectors {vi} of i™. 

3. Basic Properties of the m.c.n. space H 

Let if be a separable Hilbert space which is identified with a subspace of 
separable infinite-dimensional Hilbert space. For neNU {°°} we denote by 
I n the identity operator on the Hilbert space of dimension n. Let T be a 
finite sum T = J2i & ® m tne algebraic tensor product H <g> B(K) and 
we set T* = J2 i ® T*. Pisier showed the identification of matrix norms of 
R{6) (0 < 9 < 1) in [18, Theorem 8.4] as follows: 

1/2 



= sup 



-R(e)® mi „s(-ff) 



< 1 



where p = . We define the operators pt and pr* on i?(if) by 



Pt* (x) 



T*xT u x g B(iif). 
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Neither pr nor pr* depends on the choice of the basis If 6 is a two- 

sided ideal in B(K), we have pr(&) C & and pr*(&) C &. For fixed s.n. 
functions <& and <J> with < $, we define a norm || • ||$ ; * on the space of 
finite sums T e H ® B(K) by 

||T||*,* = |I/>t:©*-*©*I| 1/2 - 

Now we introduce an m.c.n. space -ff (<&, \P) whose matrix norm structure 
is given by identifying M n (H($, *)) with (iJ <g> M„, || • We write 

H ($) = -ff (<!>, $) for simplicity. Before proving that H ($, "J/) is a homo- 
geneous m.c.n. space, we prove a useful formula. We denote by F{K) and 
U(K) the subsets of B(K) consisting of all finite-rank operators and all uni- 
tary operators, respectively If S is a subset of B(K), we denote by S + the 
subset of S consisting of positive elements in B{K). 

Lemma 3.1. For any operator T we have the equality 

= sup{Tr(a PT (6))} = ||T*|| 2 „, 

where the supremum is taken over all a,b e F(K) + with ||a||** < 1 and 
I|6||*<1- 

Proof. Note first that for any b € 6$ it holds that 

||6||*= sup | Tr(a6)|, 

aeF(K) 

N|*.<i 

and if a is positive we can choose b to be also positive [10, proof of Theorem 
12.2]. The trace duality implies 

\\pr ■ ©$ -> 6*|| = sup \\ PT (b)h= sup \Tr(ap T (b))\. 
\\b\\*<i l|6|k<i 
Nl**<i 

If we let a — u\a\ and b — v\b\ be the polar decompositions of a and b, 
respectively, by the Schwarz inequality we have 

1/2 / x 1/2 

2 \ 



|Tr(ap T (6))| < Tr ^ | |a|*T^«|6|* |^ Tr ^ 



= Tr(|a|p T M%*)) 1/2 Tr(u|a|n*p T (|6|)) 
< sup Tr(xp T (y)). 

x,y>0 

lkll*.,ll!/||*<i 



1/2 
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Thus 

\\p T ■ &<s> —> 6*|| = sup Tr(xp T (y)) = sup ||pr(j/)||* 

x,y>0 y^o 

INI|*.,||i/||#<i IMI*<i 
= sup Tr(xp T (y)) = sup ||p T . (a;)||$. 

11*11*., IMk<l N|*.<1 

= sup Tr (xp T (yj). 

IMU*,l|y|k<i 

□ □ 

Proposition 3.2. The space H(&, ty) is an m.c.n. space and satisfies the 
Ruan's axiom (M2). 

Proof. Let T and S be finite sums defined by 

and let a, 6 e F(K) + . Then 

Tr(ap T+s (&)) 
= ^Tr(a(T i + ^)6(i;* + 

= Tr(ap T (&)) + Tr(ap s (fo)) + ^(Tr(aT,fe5*) + Tr(aS,bT*)) 



< 



Tr(ap T (6)) + Tr(ap s (6)) + 2 /^^(aT^) N^Tr^W?*) 



= Tr(a PT (6)) + Tr(a Ps (fe)) + 2 VTr(ap T (6)) Tr(aps(&)) 
= (Tr(ap T (6)) 1 / 2 +Tr(ap s (6)) 1 /2) 2 . 

Thus ||T + S||*,* < 1^11*,* + H^ll*,*- If T = £ ® A is a simple tensor product 
with ||£|| = 1, then 

\\ PT (x)h = \\AxA*\\* <||A||||a ; |kP||<||A|||| a; || <E> ||A||. 

Conversely, 

> sup 1 1 A P A* ||« = sup||pi4Mp||» = ||A|| 2 , 
p p 

where p runs over all rank one projections. Thus ||£ ® ^4||*,* = ||£||||^4|| and 
hence i? ($, is an m.c.n. space. Finally, if X and Y are scalar matrices, 
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then 



ixrriH^ = sup 



|Tr XT l YaY*T*X*b) \ 



Tr (£\ XTiYaY*T*X*b)\ \\YaY*U\\X*bX\\^ 



S aT \\YaY*U\\X*bXy, 

< ||T|||^||x|| 2 ||r|| 2 . 



! a \U \ b \U. 



This shows that H (<&, satisfies Ruan's axiom (M2). 

Lemma 3.3. The space H(&, is homogeneous. 

Proof. Let A e B{H). It suffices to show that for any finite sequence 



□ 



T = ^T£, l ®T l ^H®M n 



i=i 



and x € M„ t+ , the norm inequality 

l|P(A®/)r(aOII* < \\M 2 \\pT(x)h- 

holds. Let H be the finite-dimensional subspace of H spanned by {A^ i }'^l 1 
and {Vj}j=i be an orthonormal basis of H - Then k < m and there is an 
m x A:- matrix B = (bij) such that ||B|| < \\A\\ and A& = Yl^i^ijVj- Note 
that 

(A ® I n )T = Y J A&®T i = Y,rij®\Y J h.T, ) . 

i j \ i / 

Thus if we let Sj = £\ b ijTi for 1 < j < k, then 
||P(AigiJ)T(a;)||^ 
X! S J xS j 



'S, ... %\ ( S: - 

{h ® x) | . q 



O 
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's; 



(h ® a; 2 ) 



(I k ®x*)(B*® I n ) 




(I k ®xi) 











< \\B\\ 2 


(I m ® x*) 




°)( 



o 



(B® I n )(I k ®x?) 



o 



(I m ®xi) 



< \\Af\\p T (x)y. 



□ 



Let us see some examples. Thanks to [18, Theorem 8.4], we have i?($oo) = 
R and = C. 

Let .Hi be a homogeneous Hilbertian m.c.n. space and $ be an s.n. function. 
Mathes and Paulsen [14, p. 1764] define a new m.c.n. space -Hi,$ whose matrix 
norm is defined by 

\\T\\ Hl ,*= sup \\(x®I)T\\ Hl , TeH®B(K). 

xGGis,, \\x\\$,<l 

It is easy to sec that is an m.c.n. space. For example, H^^ = H and 

H^, 1 = iJmin (see [14, 1.3. Proposition]). If we are given an s.n. function 
let $ be the 2-convexification of $ defined by 

$(ai, . . . , c, . . .) = *(<»?, • • • , a„, • . -) 1/2 , a G fe. 

Lemma 3.4. For any s.n. functions $ and W with $ > we have the 
completely isometric identifications 

. ff($,$oo) =i?#, 
• ff($,#)<|> 2 = if min . 

In particular, H^x,®^) = H min . 

Proof. We first prove the second equation. Let T be a finite sum defined by 
T = '£ i Zi®TieH®B(K). 



Then 



l^lkfoo = SU P Tr(6p T (a))- 

a,6eF(AT) + 
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If we write the spectral decomposition of b by b = XiPi with rank one 
projections {pi}, then 

Tr(bp T {a)) =y2XiTr( Pi p T {a)) < ||6||i Max{Tr( Pi p T (a))}. 



This shows that b can be replaced by rank one projections. Thus we have 



ITII2 

I 1 11$, * 



= sup sup Tr (ppt{o<)) 

a p:rankonc 
projection 

= SUp||p T *(p)||$* 



= sup 

V 



.pTi 

t;p o Ty ) \ o 



= suplKpTjT/pJyH* 



We write p as p( = (C,£)£ w i tn a umt vector £ e K. Then for rj = (%)™ =1 £ 
K n we obtain 



{pT.T-p)^ = ( Y^,P T i T jPVj 



So it holds that 

yrii,,^ =sup||«T i r;$,0)«||*. 

We express any positive operator a € 6$ with ||a||* < 1 in the form 

a = v* diag(ai, . . . ,a n )v, 

where v is a unitary matrix and a\ > • • • > a n are eigenvalues of a. In the 
following we denote by a the diagonal matrices diag(ai, . . . , a n ). We write 
v = (v(i)j)ij. Then {v(k)}% =1 is an orthonormal basis of C™. Thus the above 
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supremum is equal to 



sup sup sup |Tr(w*diag(ai, . . . ,a„)w((T i T : *^,^))i i )| 

£ a>0,*(a)<l v 



= sup sup sup 

£ a>0,*(a)<l {v{k)}l =1 



sup sup sup 

£ a>0,*(a)<l Mfc)}£ =1 



^2 a kv(k) l v(k)*(T i T*^,£,) 



k,i,j 



J2a k T(v(k))T(v(k)r^C 



where T(v(k)) is defined by T(v(k)) = Yl=i v{k)iT,. Hence 



- sup 



a, {v(k)} 

The second equality follows from 
The third equality holds since 



J2a k T(v(k))T(v(k)Y 



\T*\\c^. 



\T\ 



#(*,*)* 2 



sup 

ai>...>a„>0, X]ai<l 



Tr [J2akyT(v(k))xT(v(k)y 



k 



Nl#<i, ||j/||*.<i 

< sup sup |Tr(yT(w(fc))a;T(i;(fc))*)| 1/2 

fe Mfc)}£=i 
lklk<i, ||!/||*-<i 



sup 

uec, |M|<i 



sup 

veq, \\v\\<i 



iff*,*) 



\\T\\ 



Finally, these equalities imply that $00) = C$ 2 = H n 



1/2 



□ 



To check whether V P) is an operator space, it suffices to check whether 
H ($, "J) satisfies Ruan's axiom (Ml)'. The three m.c.n. spaces in Lemma 3.4 
are clearly operator spaces. But not every if ($, ^) is an operator space. We 
give a necessary condition for iJ (<&, <£) to be an operator space. 

Theorem 3.5. Let $ and 'J be s.n. functions with $ > vp. If the m.c.n. 

space -ff (<&, is an operator space, then for any x,y,z € 6$ the following 
inequality 

||f_gj/|k < Hf_gj j/lk 



a; * 



z « 
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holds. In particular, if is an operator space, then $ is a cross norm. 

Proof. We may suppose that x, y, and z are positive diagonal matrices in 
M n (n € N) written by x — diag(xi), y — diag(y i ), and z = diag(zj). For each 
positive diagonal matrix Wi = diag(wi) £ M n , let T = J2ij=i £»®2^ 2 u>V ! '' e ij. 
Then Pt(x) — X^jj z i w j x j e u an d thus 

| Tr(xw)|||z||* 

\\p T \\ = sup — n = to *. \\z 

Let S be the n-tuplc of T. Since ||/9t|| > l|ps( a; ® y)||*/||a; ® y||$, 

lTr(a;w)l||z0j/||^ 

w *' w *^ — — " 

Taking the supremum over w, we obtain the required inequality. When $ = \fr, 
if we take xorza rank one projection, then we see that $ must be a cross 
norm. □ 

Question 3.1. Is the converse of Theorem 3.5 true? Namely, if two s.n. 
functions <& and \P satisfy the conclusion of Theorem 3.5, is H ($, ^) always 
an operator space? 

Theorem 3.5 shows that H(&) is an operator space only if || • || is a cross 
norm. Indeed, we show in Theorem 5.3 that H (<&) is an operator space if and 
only if $ is the Schatten p-norm for some p £ [1, oo]. 

Remark 3.1. Let C q (1 < q < oo) be the operator space defined by C q = 
(C,R)i/ q , and we define the operator space S p (C q ) = (&i®C q , &oo ®mm 
C q )i/ P , where <g> means the operator space projective tensor product (cf. [9, 
Section 7]). Q. Xu showed in [19, Theorem 1] that if we define 2 < p < oo, 
< 6 < 1, r,r (e),n{e), and q by 

1 __ . ) 2 1 9 1 1 -6 1 _ 1- 6 9 
r p' r (9) 2r' r\{9) 2r ' q p p' 

where 1 = l/p + l/p', then for any x = (xi, x 2 , ■ ■ ■ , x n ) £ 6™, 

1/2' 

1/^ ...^ 



\s P (c q ) = sup| ^Haxfebll^ 



where the supremum is taken over all a £ 6r (fl) an d ^ •= ®n(0) with norm 
one. This is an analogue of -ff(<E> Pl , <E> 91 ), where 1/pi = (1 — 6) (I — 2/p) and 
l/<7i = 1 — 9(1 — 2/p). In this case we have p\ >q\. 

Remark 3.2. We can introduce another construction of m.c.n. spaces. For 
any finite sum T = J2i £i®Ti £ H <g> M n we define 

\\T\\^ = \\pT®i oa :&*^&*\\ 1/2 , 
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where T (g> 7oo acts on B(K (& £2) and K ® ti is identified with a separable 
infinite-dimensional Hilbert space. Then we denote by iJ"($,\E') the m.c.n. 
space whose matrix norm structure is given by the family (H ® M n , || • |||?^). 
There is a case where is an operator space though -ff ($, VP) is not an 

operator space. Let $ be the KyFan 2-norm, that is, $(a) = a\+ a 2 - Then 
is not an operator space. Indeed, for x = diag(l, 1) € M 2 it holds that 
||x ® x\\§ = 2, but ||a:||| = 4. To determine if we are given Hilbertian 

operator spaces ffi and i?2 with the common base space H, we define the 
matricially normed space Hi V H 2 with the base space H by 

IMUu^v^) = MaxllMlM^HihlMlM^/f;,)}- 
It is easy to see that H\ \J H 2 is an operator space. 
Proposition 3.6. Let $ be an s.n. function defined by 

$(a) = al+6a* 2 (0 < 6 < 1). 
Then is an operator space equal to = H {§00) V H ($1, $). 

Proof. Let T be a finite sum defined by T = £\ & <g> T;. For any a; € F( J ftT) + 
we write its spectral decomposition as ir = X^Jli s j( x )Pj- Then if we let 



y = si(x)pi 



s 2 {x)^2pj, 

3=2 



then y satisfies ||y||$ 

II PT® Joe ||* = 



\x\\<t> and x < y. Thus we have 

1 - 



sup sup 

Lj< a <l P.9 



sup Max <^ llpiWoofa)!!* 



Pt®/ to («P+ — — g) 

"PT^I^iP 



p,q 1. 1 + ^ 

where p runs over all rank one projections and q runs over all finite rank 
projections orthogonal to p. Now for fixed p, it is clear that 



|pr®/oo(P + 9)ll* < (1 + 0) 



for any projection 5 orthogonal to p. To show the converse, represent p as 
pi] = (77, £)£ with a unit vector £ and write 

n 



If we take a projection r <G B(l 2 ) such that the rank of r is not less than 2 
and orthogonal to the vectors {tpi} and let q = I n ® r, then we have 



|PT®/oc(P + ?)ll* > 



= (1 + 0) 



J2 TiT i 
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Thus 

S upMax{||p r0Joo ( P )|| $ , + j =M a.|||T||| i ^ ^Trf 

□ 

Question 3.2. Is <]/) always an operator space? 

As we see below, for many two distinct s.n. functions <f> ^ "J, the m.c.n. 
space -ff ($, V P) is an operator space. Pisier [18, Theorem 8.4] showed the 
completely isometrically isomorphism (<£> p , $ p ) = R(6), where 1 < p < oo 
and 9 = p^ 1 . We consider whether H(Q p , $ g ) is an operator space for general 
p and q with 1 < p < q < oo. In the case of p = 1 or q = oo, H($ p , $ g ) is an 
operator space from Lemma 3.4. To deal with the case l<p<2<<7<oo 
we need the following notion. 

Definition 3.1. Let $ be an s.n. function. We call <E> a Q-norm if there is 
an s.n. function T such that T = <&, and $ is a Q*-norm if $ is an adjoint of 
some Q-norm. In other words, an s.n. function $ is a Q-norm if there is an 
s.n. function T such that for any A e 6$, the norm equality 

||A||! = |L4M|| T 

is satisfied. Note that a Q-norm is smaller than or equal to the Schatten 
2-norm and a Q*-norm is greater than or equal to the Schatten 2-norm. For 
example, the Schatten p-norm $ p is a Q-norm when 2 < p < oo and is a 
Q*-norm when 1 < p < 2. The Lorentz ideal Q p q is a Q-norm if 2 < q. We 
use the following lemma. 

Lemma 3.7. [7, Proposition 3] Let $ be a Q*-norm and y = (ylyl) with 
Ui € M n (i = 1, 2, 3, 4 and n e N). Then we have the inequality 

X>illl<NII- 

i=i 

Theorem 3.8. Let $ be a Q*-norm and * be a Q-norm. Then H ($, is 
an operator space. 

Proof. It suffices to check the Ruan's axiom (Ml)'. Let T and S be finite 
sums given by 

k I 

T = ® Ti G M m (iJ(*, *)) and S = ® S t € M„(#(*, *)). 
i=l i=l 

Since for any t e N it follows that \\T © Ot||/f($^) = ll? 1 ^^^), we may 
assume that m — n and clearly that fc = I. Take matrices y and z given by 

y=f yi y2 V^f Zl Z2 )eM 2n , + 
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with yj, Zj £ M n (i — 1, 2, 3, 4). Then we have 



< 



< 



< 



We 



Tt 0\ T* 



s. 



S? 



^ Tr (T iyi T* Zl + T t y 2 S*z 3 + S t y 3 T*z 2 + S iy4 S*z 4 ) 

i 

4 

Max{||T|| 

ii 5 iiH(*,*)}Eii y jii*ii^n** 



1/2 



1/2 



Max{||T||| (<w ll^ll 2 ^)} |£ llVilll }• | E INI*' 
MaxjllTH^ ^, 115111^} |H|«||z||«.. 



In the third line we use the Schwarz inequality [6, Theorem IX. 5. 11] and in 
the last line we do the preceding lemma. This shows that (Ml)' holds. □ 



4. Completely bounded mappings between H ($, \f)s. 

We consider the relationship between the m.c.n. spaces H(Q, and the 
space of completely bounded mappings between them. It is possible to de- 
scribe the space CB(H ($00), H($>, in terms of the multiplicator norm, 
which was discussed by [4] in the case of rearrangement invariant spaces on 
the interval [0, 1]. 

Theorem 4.1. Let $, * be s.n. functions with $ > * and x £ B(H). Then 

( IN 2 ML\ 1/2 

\\x\\cB(R,H(*m = SU P iO 

In particular, if $ and W satisfy the condition of Theorem 3.5, then we have the 
isometric isomorphisms CB(R, *)) = 6 4 and CB(C, H($, *)) = 6 $ -» . 

Proof. Let x — diag(Ai, . . . , A„), Ai > . . . > A„ > be a positive diagonal 
matrix. Then from the definition 



1/2' 



\x\\cb(r,h(<s>,^)) = 



sup 

TeR, oE6j, 1+ , ||o||#<l 



XfTiaT* 
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If \\T\\r < 1, then ||Ei T i T *ll < 1 and thus i* follows that {T*T 3 ) l3 < I. 
Hence we have 




diag(A?a, . . . , \ 2 n a) 



Vi* 



diag(Aia2 , . . . , \ n a*){T*T 3 ) diag(Aia2 , . 



o 

■ , A„a4) 



< lltar ®a||*. 



To show the converse, take a family {Ti}™ =1 such that T*Tj = SijI, where Sij 
is the Kronccker delta. 

When $ and satisfy the condition of Theorem 3.5, we have 



\x\ 2 (g> a\\m < || |a:| 2 ||*||a||$ 



and thus \\x\\ C b(h(^ 00 ),h('S'-^)) — INI*- The converse is verified by putting 
a to be any rank one projection. The last assertion is obtained from Lemma 
3.1. □ 



Other important Hilbertian operator spaces are if m i n and OH. Let us 
see the space CB(H m i n , H(Q p , $ q )) next. When p = q, this space can be 
identified with 6 2 . 

Theorem 4.2. For each 9 £ [0, 1], the space CB(H m i n , R(9j) coincides with 
&2 up to equivalence of norm. 

Proof. Mathcs proved this theorem when 9 = or 1 (see [13, Proposition 
6]). We use this result and the complex interpolation theory. Since the space 
of completely bounded mappings between homogeneous m.c.n. spaces is an 
operator ideal, it suffices to check the cb-norm of the matrices of the diagonal 
form A = diag(Ai, . . . , A„), Ai > . . . > A„ > 0. We denote by \\A\\ c b the c.b. 
norm of A: iJ m ; n — > R{9). First we note that 



\\A\\ cb = sup 

T 



R(6) 



imi. 



Thus by the complex interpolation property it follows that 



\\A\\ cb < sup 

T 



l|r||r 



1-8 



IE, 6 



'*i T i\\c 



< 



1/2 



where we use the case of 9 = 0, 1. To show the converse inequality, we use the 
spin system {Ui}. This system is an n-tuple of unitary self-adjoint operators 
such that 

Vi ^ j, UiUj + UjU t = 
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(cf. [18, p. 76]). The spin system satisfies 



and 



i 

The first property implies that 



1/2 



< V2. 



The complex interpolation duality leads the isomorphism R{6)*~ = R(l — 6). 
Using this we obtain 



E^ 2 = 



< 2- 



IEi & ® Ait/ill^ HEi & ® Ai?7i|| fl(1 . 



?7 . 17 . 

1 1 II mm II II mm 

< 2 \\ A \\cB(H m ^,R(8))\\McB(H mi ^R(l-9)) 

1/2 

< 2 imics(j? mi „,ij(e)) 



□ 



Thus ||A|| 2 <2P|| 

To deal with the case p ^ g, we need the following lemma. 
Lemma 4.3. Let 1 < p < q < oo and take 6, i[> € [0, 1] such that 

h/p = i-i> + 6i> 

Then for every T e H(® p , 

H^lkp,*, < \\T\\(H mi n,R(.0))l,- 

Proof. For each t G [0, 1], take positive numbers p t and q t such that 

— = i-t + et, — = et 

Pt qt 

and let q[ = (1 — 1/qi) 1 • We define a family of bilinear mappings f t : S 2(? ' x 
&2 Pt -» ^2(62) by / t (a,6) = (oT i 6) i for < t < 1. Then Lemma 3.4 shows 
that H/oll = ||T|| min andPisier [18, Theorem 8.4] shows = ||T|| fl(9) . Thus 
the multilinear interpolation (see [8, 10.2]) implies that HTH^^ = ||/^|| < 

ll T ll(Hmi„,-R(e))^ D 

Theorem 4.4. Let 1 < p < q < 00. We have a contractive embedding of 6 r 
into CB{H min ,H(<f> p , $,)), where r = 2/(l/q - 1/p + 1). 
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Proof. Let A = diag(Ai, . . . , A„), Ai > . . . > A„ > 0. Then, 

\\McB(H min ,H(9 p ,9 Q )) < \\McB(H mia ,(H mill ,R(e))^) 

< mil (CB(i? min ,H min ),CB(i? min ,fl(6l)))^ 

< 11^11(600,6^ = \\A\\r- 

In the first step we use Lemma 4.3 and in the third we use Theorem 4.2. □ 

We observe the c.b. norm of the mappings from OH to H(& p , 
Theorem 4.5. Let 1 < p < q < oo. Then 

©4(l-2/p)-i (P > 2) 

CB{OH,H(%,$ q ))= {B{H) (p<2<q) 



6 



4(2/ 9 -l)-i 



(9<2) 



with equal norms. 

Proof. The second case is obvious and the third one follows from Lemma 
3.1 and the first one. We show the first case. Let A = diag(Ai, . . . , A„) be 
a diagonal operator with Ai > • • • > \ n > 0. Xu showed in [20, Lemma 5.9] 
that if 1 < p ^ q < oo, then C'B(H(<$> p , $ p ), H($ q , $ g )) = & 2pq /\ p - q \- From 
this result it clearly follows that for any operator A, 

\\McB(OHM(<S> p ,<S> q )) < \\A\\cB(OH,H{<!> p ,<S> p )) = 1 1 -4 IU( 1 — 2/p) - 1 ■ 

To show the converse, for a positive diagonal matrix B — diag(6 1; . . . , b n ), let 
T B ,i = heu e M n (i = 1, . . . , n). Then 

2 

T B s ® Tb, 



E&® 7 *.- 



OH 



i=l 



y~] bftfieu ® e u )(eji ® e^i) 



en ® en 



M„(g)M„ 



However, if we let C be a positive diagonal matrix diag(ci 
have 



M„®M„ 
n 

E* 

c„), then we 



A E6 



> sup 

c 



IE- 



1/2 



Taking the supremum for i? in the unit ball of OH, we obtain 

Iv^n \4„2| 1 / 4 



ll^l!cB(Off,H(4> p ,*,)) > SUP 



c (Er=i<) 



i/p 



4(l-2/p)-!- 



□ 
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5. MULTIPLICATOR IN OPERATOR IDEALS 

In this section we show that the m.c.n. space H (<f>) is an operator space if 
and only if $ is the Schatten norm. 

In view of the result of Theorem 4.1, for an s.n. function <I> we consider the 
following two conditions 

(*) 3ci > 0, \\x ® < ci||x||$||y||$ for any x and y; 
(**) 3c 2 > 0, \\x ® y\\<p > C2||a;||$||j/||$ for any x and y. 

Note that if an s.n. function <E> satisfies (*), its adjoint <i>* satisfies (**) for c 2 
with c\Ci = 1. The Schatten p-norm is a cross norm and satisfies both (*) 
and (**) with c\ = c 2 = 1. 

Let $ and \& be s.n. functions with <f> > ^ and x e B(£ 2 ) such that 

\\x <g> all* 

SUp 77— r < oo. 

a ||a||$ 

We denote by M$ i *(x) the multiplicator from 6$ to 6* defined by 

M<t>.y(x)(a) = x <g> o. 

For an s.n. function <I>, we denote by M(&<t>) the space consisting of x € B(£ 2 ) 
with Mq> t <s>(x) is bounded. We equip A1(S$) with the norm HM^^rr)!!. It 
holds that 

„ „ \\x <8> eiill* „ „ , r .... 
IMI* = m — ii - ^ \\ M *M X )\\- 

In case of the Schatten norm (l<p<g<oo),we have 

\\M* p ,* t (x)\\ = \\x\\ q . 
If an s.n. function <!> satisfies (*), then 

||M $i $(a;)|| < ci||a:||*, 

and thus <& satisfies (*) if and only if ||x||$ is equivalent to H-M^^a:)!!. Since 
M$ i $(x)M$ i $(y) = M<t>^(x ® y), we have 

\\M*#(x<2)y)\\ < \\M 9i *(x)\\\\Mw(y)\\. 

The multiplicator is discussed in [4] for the rearrangement invariant space on 
[0,1]- 

The conditions (*) and (**) are closely related to the Schatten norm. 
Lemma 5.1. If an s.n. ideal S<j> satisfies (*) or (**), then the limit 

iogn 

P = lim 1 ii 5 ii e !. 00 

rwoo log 

exists, where P n stands for any rank n projection. 
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Proof. We prove the statement in the case that (*) holds. In the case of (**) 
the proof is similar. By the hypothesis, for fixed m e N, 

\\P m 4* < c^WPmWl, VfceN. 

If {ti}°^ 1 is a subsequence of N, we can take a non-decreasing sequence {ki}°^ 1 
in N which tends to infinity such that m ki <U< m ki+1 . Thus we have 

log ti log m ki ki log m 



log||P t4 ||* log||P m * 4 + i||* fcjlogCl + (ki + l)log ||P m ||* 

Since {ti}°^ l is arbitrary, it follows that 

,. . . logn logm 
lim mf — > 



n^oo log||P„||$ Ci +l0g||P m ||$ 

This implies 

,. • t lo S n ^ v lo S TO 
lim mf — > lim sup ■ 



n^oo l g||P„||$ m ^oo log||P m ||<S 

and the limit exists. □ 

Theorem 5.2. Suppose that an s.n. ideal 6$ satisfies (*) or (**) and let p 
be as in the preceding lemma. Then the following statements hold. 

(1) if 6$ satisfies (*), then 

\\x\\ p < ci||x||$, Vie <E 6$. 

(2) if 6$ satisfies (**), then 

C2IMI* < \\x\\ p , yx e 6$. 
In particular, if <I> is a cross norm, then $ = <j> p . 

Proof. Let x = diag(Ai, . . . , A m ), Ai > . . . > X m > be a diagonal matrix 
and let 

N 

X — ^ ^ ti&i 
i=l 

be the spectral decomposition of the n-fold tensor product of x. In the above 
inequality, N is dominated by ( m ^ l r ^ 1 )- ^ wc ^ Pi ^ e ^ nc ^"* n sum °^ the 
ej's given by pj = X^i=i e «' then f° r au 3 we nave 

n n 

J^Ue, = J2(tj - tj-i)pj > tjpj. 
i=i i=\ 

Thus it holds that 

Max{tj-||pj-||$} < ||a;® n ||* < TV Max {ij||f>j||$} 

and hence 

MaxIfell^H*) 1 /™} < \\x® n t[ n < N 1 / n Ma X {(t j \\ Pj \\ 9 ) 1 ' n }. 
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Note that from the above inequality, if $ = $ p , then 

||dL= lim Max{4 /Tl (rankp,) 1/(pn) }, 

n^oo j J 

which proves (1). The proof of (2) is similar. By the preceding lemma, for 
any e > 0, there exists a D > such that 

\\Pjh > £>(rank Pj ) 1/(p+£) , for all j G N. 

(*) implies that ||a; l8 '™||$ < c™ _1 ||a;||J, so that 

ci\\xU > ||*® n ||i /n 

> Maxlfellftl^) 1 /"} 

> Max { (Dt j ) 1/11 (rank Pj ) Vfb+O™} } . 

The last term converges to ||x|| p + e as n — > oo. □ 

From Theorem 5.2 and Theorem 3.5, we obtain the following corollary. 

Corollary 5.3. Let $ be an s.n. function. The m.c.n. space H{<&) is an 
operator space if and only if $ is some Schattcn p-norm (1 < p < oo). 

Remark 5.1. Let X be a rearrangement invariant function space X on the 
interval [0,1] (cf. [12, Section 2]). For s > 0, let a s be the dilation operator 
given by 

a s x(t) = Z(t/s)l[0,max{l, s }] (t € [0, 1], X G X). 

This operator is well defined on X and ||ct s || < max{l, s}. The Boyd indices 
ax and /?x of X are defined by 

,. iog\\a s \\ x ^x a log||cr s || x ^x 
a x = hm , fix = hm . 

s^O logs s^oo lOgS 

Note that < a x < Px < 1. In [3, Theorem 1.5] the embedding M{X) C 
i Q -i is shown. The Boyd index is discussed in [12] for sequence spaces and 
in [2] for s.n. ideals. The Boyd index of an s.n. ideal 6$ is defined by 

logn 

p = lim 



n^oo log || P n ||$ 

when the limit exists (the limit is in [l,oo]). Theorem 5.2 means that if $ 
satisfies (*), then Al(6$) C & p . 

In the rest of this paper we examine the condition (*) for a few classes of 
s.n. functions. 
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Theorem 5.4. Let ir be a binormalizing sequence and let S n be the partial 
sum defined by S n — Y^j=i n j- Then $ T satisfies (*) if and only if there is a 
constant c > such that for any m, n e N, the inequality 

holds. 

Proof. Let x € F(K)+ and we write its spectral decomposition by 

n 

x = J2 s i( x )Pi- 

3=1 

We can represent $> n (x) in the form 

n 
3 = 1 

= {si(x) - 3 2 (x))Si + . . . + (s n -\(x) - s n (x))S n -i + s n (x)S n , 
so that if we let ej be the partial sum of p^s given by ej — Yli=iPi> then 

x = {si{x) - s 2 (x))e 1 + . . . + (s n _i(a;) - s n (x))e n -i + s n (x)e n . 
Hence for any a e F(K), 

|| ej <g> a\\ 



J2(sj{x) - s j+1 (x))S^j Max j- 



< ||a;||7r Max 

^ I 1 1 ^ j '1 1 

Similar argument for a yields 

H^Oa^ Ib^alU lb® g|U 

sup = SU P = SU P > 

a:, a 1 1 ^| I 7r 1 1 a | | 7r p,a I |P| I tt 1 1 tt | | 7r ||P||7r || y 1 1 -7T 

where p and q run over all finite rank projections. If p is a rank n projection, 
then \\p\\tt — S n and therefore (*) holds if and only if S mn /S m S n < c. □ 

Remark 5.2. The condition 

sup ^— ^- < oo 

m.n o m O n 

appears in [1, Theorem 6], as a necessarily and sufficient condition for the 
existence of exactly two nonequivalent symmetric basic sequences in Lorentz 
sequence spaces. 

Next we look out the Lorentz ideals S Ptq for 1 < q < p < oo. When q = 1, 
the Lorentz ideal S Pt i is equal to the ideal 6$^ with ttj = i 1//p_1 and thus 
satisfies (*) with ci = 1 from Theorem 5.4. 
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Proposition 5.5. When 1 < q < p < oo the Lorentz ideal S p>q satisfies (*). 

Proof. Let x, y G S p , q be positive elements. Note that the spectrum of x®y is 
equal to {si(x)sj (y)}fj =1 as a set considering multiplicity and each eigenspace 
is finite-dimensional. We give the product set N x N an order -< by 

!toi + ni < m 2 + n 2 
or 
mi + ill = m 2 + n 2 and mi > m 2 . 

For each eigenvalue a of x <£> y with index fc, let 7 Q be the finite sequence 
{(mi, ni), . . . , (to/c, nfc)} in N x N such that s. mi (x)s ni (y) = a and (mj, n^) -< 
(mi+i, If Sj+i(x <g> y) = • • ■ = s J + fc (x <g> y) = a, for alH = 1, . . . , k we 

have 

s j+i (x® y) = s mi (x)s ni (y) 

and j + i > m^i. Hence 

^ Sj(x <g> y) 9 



|x»y|| P , 9 



< 



<ji-q/p 



Sj (z)%(y) 9 



1/9 




□ 

Remark 5.3. In [4, p. 253] it is shown that for the Lorentz function space 
Lp. q (1 <p < oo, 1<<7< oo), we have M(L p . q ) = £p, min (p,<j) • 
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